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A module n/r, is said to be subdirectly irreducible if the intersection MO 
of all nonzero submodules of M is nonzero, and in this case MO is called the 
heart of M. This definition of subdirect irreducibility is equivalent to that of 
Birkhoff who introduced the general notion of subdirect product of universal 
algebras in [ 11. We define a ring R to be right subdirectly irreducible (RSI for 
brevity), if R, is a subdirectly irreducible module. 
Suppose R is a RSI ring with heart H. Then H is the unique minimal 
right ideal of R. For any a E R, the mapping h -+ ah of H onto aH implies 
that either aH = 0 or aH is a minimal right ideal and, hence, equal to H. 
Thus RH C H and, in the important case when R has an identity, RH = H. 
In any case, the heart is a two-sided ideal. Consequently, a RSI ring R is 
always subdirectly irreducible in the sense that the intersection of all nonzero 
two-sided ideals is nonzero. The converse of this is not true as can be seen 
from the example of any n x n (rz 3 2) matrix ring over a division ring. 
Obviously enough, for a commutative ring the two notions coincide. 
Commutative subdirectly irreducible rings have been studied by McCoy [9] 
and by Divinsky [4]. In this paper, a characterization of RSI rings with 
d.c.c. on right ideals (Theorem 3.1) is given similar to that of McCoy 
[9, page 3821 for the commutative case, and it is proved, along with some 
other equivalent conditions (Theorem 2.1), that a right noetherian RSI ring 
is right Artinian iff the left annihilator of the heart is a maximal right ideal. 
Example 2.2 shows that right noetherian RSI rings need not be right Artinian. 
Conditions are then obtained in Section 4 under which a subdirectly irre- 
ducible module is completely indecomposable in the sense of [5, p. 3491. As a 
consequence of this we deduce that RSI rings with a.c.c. on left and right 
* This represents a portion of author’s doctoral dissertation submitted to the 
University of Wisconsin-Milwaukee, Milwaukee, Wisconsin in June 1969. 
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ideals satisfy d.c.c. on left and right ideals. Example 4.5 shows that a RSI ring 
with d.c.c. on left and right ideals need not be completely indecomposable. 
It also shows that a noetherian ring in which every right ideal is an annihilator 
need not be self-injective; thus answering a question raised by Cohn in 
[3, P* 751. 
1. NOTATION AND PRELIMINARIES 
All rings considered here have an identity and all modules are unitary. 
Unless otherwise stated, by a molule M, we mean a right R-module over a 
ring R. If R is a RSI ring, H will always denote the heart of R. If h is a 
nonzero element of H, hc = {a E R : ah = 0} will be denoted by N. Since 
H = hR, N is also equal to Hz and hence is a two-sided ideal of R. Let 
D = Hom,(H, , HR). Then by Schur’s lemma, D is a division ring. If fi 
denotes the injective hull of RR and K the ring of endomorphism Hom,(&, 2) 
of 2, then we can regard & a bimodule as in [8, p. 941. Let L denote the 
ideal of K defined by {f E K : fr large in 8); where, for any f E K, f r denotes 
the kernel of the homomorphism f. We will use the symbols H, N, D, 8, K, L 
always in the sense described above. 
If R is RSI, then HR is a large submodule of RR . Since RR is large in 2, 
it follows from [8, Example 3, p. 621 that HR is large in l?. His also a minimal 
submodule of fi and thus &a is subdirectly irreducible with heart H. A 
subdirectly irreducible module is in particular a uniform module and in a 
uniform module a submodule is large iff it is nonzero. It can now be seen that 
N and L defined above are also characterised by 
1.2. N = {a E R : d # 0} and L={f~K:f~#o}, 
where for any x acting from the left on R or &, x* is the right annihilator of x 
in R or I?, respectively. 
In a RSI ring R, Hz must either equal 0 or H because Hz c H. The following 
proposition shows that in the case when H2 = H, R is a division ring. 
1.3. PROPOSITION. If R is RSI and H2 = H, then R is a division ring. 
For, since H is a minimal right ideal and Hz f 0, by Proposition 1 of 
[8, p. 621, H = eR for some idempotent e in R. Since 1 - e is also an 
idempotent such that eR n (1 - e)R = 0, we must have (1 - e)R = 0, i.e., 
e = 1. Thus N = R, and R has no proper nontrivial right ideal which implies 
that R is a division ring. 
Since a RSI ring R is in particular a right uniform ring, we can apply 
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Theorem 3.1 of [6, p. 1311 and conclude that R/N is an integral domain and 
in addition, if R is right noetherian, then N coincides with the set of nilpotent 
elements of R. Also, by using Examples 2 and 3 of [8, p. 1041, we note that K 
is a local ring with L as its unique maximal right ideal. Thus K/L is a division 
ring. 
1.4. THEOREM. If R is RSI, then R/N can be embedded isomorphically into 
the division ring D and D E K/L. 
Proof. For any a in R, fa : H + H defined by fa(h) = ah for all h in H 
is an element of D. The mapping f : R--f D given by f(a) = fa is a ring 
homomorphism with ker N and, accordingly, f induces an isomorphism of 
R/N onto a subring of D. 
Now, let d : H -+ H be an arbitrary element of D. By injectivity of g, d can 
be extended to an element d* : x-j R of K. Also, if d* and d** are two 
extensions of d, then H L ker(d* - d**) and thus d* - d** EL. If 
0 : D - K/L is defined by B(d) = d* + L, then it can be verified that 8 is a 
homomorphism of D onto K/L. It is also one-one because if f EL, then 
kerf f 0, and since H is contained in every nonzero submodule of l?, 
f restricted to H must be a zero map. 
2. RINGS WITH A.C.C. ON RIGHT IDEALS 
We have already remarked that if R is a right noetherian RSI ring, then N 
coincides with the set of nilpotent elements and hence it is the nil radical of R. 
By a.c.c., N is then itself nilpotent. 
2.1 THEOREM. Let R be a RSI ring with a.c.c. on right ideals. Then the 
following are equivalent and any of them implies that R is a local ring. 
(i) R has d.c.c. on right ideals; 
(ii) N is a maximal right ideal; 
(iii) Rh is a minimal left idealfor every h E H, h # 0; 
(iv) ar = 0 implies a1 = 0 for any a E R, i.e., every right regular element 
of R is left regular. 
(v) hT=NforeveryhEH,h#O. 
(vi) R/N E D. 
Proof. The proof will consist of showing the implications 
(i) * (iv) 3 (v) * (vi) * (iii) * (ii) 3 (i). 
48111713-2 
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(i) * (iv). If, for any a E A, a” = 0 then (a2)r, (as)~,... are all zero and 
the chain aR 2 a2R 1 asR 3 .*. implies by assumption that for some positive 
integer m, amR = am+lR. Suppose am = urn+% for a certain x in R. Then 
am(l - ax) = 0 together with (am)7 = 0 implies that ax = 1. Now it is easy 
to see that uE = 0. 
(iv) * (v). For a fixed nonzero element h in El, the mapping a---f ha 
of R onto H induces the isomorphism R/h’ s H. Thus, by minimality of H 
it follows that hr is a maximal right ideal. Let x E h’ be an arbitrary element. 
Then 9 # 0 and by (iv), x7 J; 0. Using 1.2, we have x E N. Thus hr C N 
and since h’ is maximal, hr = N. 
(v) =, (vi). Let h be a fixed nonzero element of H. For any a E R, 
consider g, : H -+ H defined by g,(hx) = hax for arbitrary hx in H = hR. 
If a E N, then ha = 0 by (v) and henceg, is the zero map. If a 6 N, then ha is 
a nonzero element of H and by (v), h’ = (ha)r which implies that g, is in this 
case, a well-defined, one to one map. It can be easily seen that it is a right 
R-homomorphism. Now the map g : R/N + D defined by g(a + N) = g, is 
the desired ring isomorphism between R/N and D. 
(vi) * (iii). Since D is a division ring, (vi) implies in particular that N 
is a maximal left ideal. If h # 0 and h E H, then the mapping a -+ ah of R 
onto Ah is a left R-homomorphism which induces the isomorphism 
R/hL = R/N s Rh. This implies that Rh is a minimal left ideal. 
(iii) + (ii). Since we have already seen that R/N E Rh, (iii) implies that 
N is a maximal left ideal. However, N is a twosided ideal and consequently 
R/N is a division ring. Now it is clear that N is also a maximal right ideal. 
(ii) => (i). Since N is a maximal right ideal and also a two-sided ideal, 
R/N is a division ring. Also, since R satisfies a.c.c. on right ideals, N is 
nilpotent. Say, N” = 0 and N+-1 # 0 for some positive integer K For i = 
0, 1 , 2,. . . ) n - 1, each of Ni/N i+1 is a right R-module as well as a R/N right 
vector space with the property that every R-submodule is an R/N-subspace 
and vice versa. Since R has right a.c.c., each Ni/Nifl is now a finitely generated 
vector space over R/N. The composition series for each Ni/Ni+r as R/N vector 
spaces can now be combined to give a composition series for R, which implies 
that R has d.c.c. on right ideals. 
Finally, to see that R is local, we note that N coincides with the set of zero 
divisors of R because N = {a E R : ur # 0} and we have seen that for every 
zero divisor a, a7 # 0. Now, in a ring with d.c.c. on one-sided ideals, 
each nonunit is a zero divisor. Consequently, N in this case coincides with the 
set of nonunits of R. By one of the equivalent definitions of a local ring, this 
implies that R is local with N as the unique maximal right ideal. 
Remark. It may be noted that all of the implications except (ii) > (i) above 
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have been proved without using a.c.c. on right ideals of R. The author feels 
obliged to the referee for suggesting this simplified proof. 
The following example shows that there do exist RSI rings which satisfy 
a.c.c. on right ideals but none of the equivalent conditions of the above 
theorem. 
2.2 EXAMPLE. Let F denote the field of rational functions in a countably 
infinite number of indeterminates x2 , xs ,..., x, ,... and let R, = F[x,] be the 
ring of polynomials in xi with coefficients in the field F. Define a mono- 
morphism (T and an epimorphism 7 on R, to F by uV(X~,...,XJ] =f(xx,..., x,+i) 
and df(xl , x2 ,... , x,)1 = f(@ x2 ,..., x,) respectively. The ring R defined by 
(R, +) = R, @F and by (a, b)(c, d) = (ac, k(c) + a(a)d) for (a, b), (c, d) E R 
has the above stated properties. 
In fact, if h denotes the element (0, 1) of R and (a, b) an arbitrary nonzero 
element; either a # 0 in which case (a, b)(O, u(u)-‘) = h, or a = 0 and b f: 0 
so that (0, b)(c, 0) = h where c E R, is chosen such that T(C) = b-l. In any 
case, h belongs to the right ideal generated by (a, 6). Thus R is RSI with 
heart hR. Next, the mapping (a, b) + a of R onto R, induces the isomorphism 
RjhR E R, . Since R, is a (commutative) ring with a.c.c. but not the d.c.c. 
on its ideals, it follows that R satisfies a.c.c. but not the d.c.c.on its right ideals. 
Remark. The ring R consrtucted above is a right noetherian right uniform 
ring with identity, for which the elements not in N = {a E R : ur # 0} are 
not all left regular. The question as to whether such rings exist was raised by 
Feller in [6, p. 1371. The element (xi , 0) of R does not belong to N and yet 
it is not left regular because (0, 1)(x1 , 0) = (0, 0). In fact, the equivalence 
(i) e (iv) of Th eorem 2.1 above says that for a right noetherian RSI ring, 
elements not in N will all be regular iff the ring is right Artinian. 
3. RINGS WITH D.C.C. ON RIGHT IDEALS 
Though examples of RSI rings with a.c.c. but not the d.c.c. on right ideals 
exist, Theorem 2.1 suggests that RSI rings with d.c.c. on right ideals form an 
important class of rings. We will now prove for the class of rings with d.c.c. 
on right ideals, an analogue of McCoy’s theorem [9, p. 3821 which was proved 
for the commutative case. 
3.1. THEOREM. Let R be a ring with d.c.c. on right ideals. Then R is RSI 
iff the following conditions hold. 
(i) The set Z of zero divisors of R forms an ideal; 
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(ii) Zz = {a E R : aZ = O> is a principal right ideal; say 2” = xR where 
x # 0; 
(iii) For any a E Z, a 6 3; there exists b E Z, b $ Z1 such that ab = x. 
Proof. (a). If R is RSI, then by Theorem 2.1 it is local with N as the set 
of nonunits. Since R satisfies d.c.c. on right ideals, N coincides with the set 
of zero divisors 2 of R which implies (i). Now, by definition of N, 
Hz = N = Z. If a E R, a # 0; then by the isomorphism R/a’ E aR, 
a belongs to a minimal right ideal iff a7 is a maximal right ideal. Since Hand 2 
are the unique minimal and the unique maximal right ideals, respectively, 
a E H iff a’ = Z which implies 2’ = H = xR, where Y is a nonzero element 
of H. Lastly, if a E Z, a $ H; then x E aR implies that x = ab for some b E R. 
Clearly b $ H because aH = 0. Also we must have b E Z because otherwise b 
is a unit which implies a = xb-l E H. 
(t). Since R has d.c.c. on right ideals, 2 = set of zero divisors = set of 
nonunits and hence R is local with Z as the unique maximal right ideal. We 
will prove that R is RSI by showing that every nonzero principal right ideal 
of R contains X. Accordingly, let a # 0 be any element of R. If a E 5, then 
by (ii), a = XY for some Y E A. Y cannot be in 2 because x2 = 0 and a # 0. 
Thus Y is a unit which implies x = ar--l E aR. If a 4 Z then a is a unit and 
x E aR is trivial Finally, if a E 2 and a # Z’, then by (iii) x E aR. Thus we have 
proved R is RSI with heart xR = Zz. 
4. COMPLETELY INDECOMPOSABLE MODULES AND RINGS 
A module iVR over a ring R (with identity) is said to be completely indecom- 
posable if 
(i) M satisfies d.c.c. on R-submodules and contains a unique minimal 
R-submodule; 
(ii) For some ring A, JbrR is a bimodule where M satisfies d.c.c. on 
A-submodules and contains a unique minimal A-submodule. Completely 
indecomposable modules over noncommutative rings were first introduced by 
Feller [5, p. 3491, and Morita [lo, p. 1211 later showed that the notion of 
complete indecomposability is closely related to injectivity. 
We first consider a slightly more general situation. 
4.1. THEOREM. Let AMR be a bimodule such that 
(i) M satisfies a.c.c. on A-submodules and R-submodules, 
(ii) M is subdirectly irreducible as A-module and as R-module, 
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(iii) M is faithful as R-module and R satis$es a.c.c. on right ideals; 
then M satisfies d.c.c. on R-submodules and R is a local ring with d.c.c. on right 
ideals. 
Proof. As in Lemma 1 of [5, p. 3491, the A-heart M0 of M coincides with 
the R-heart. Let m # 0 be any element of M,, so that M,, = Am = mR. If 
P = {x E R : mx = 0} = {x E R : M,,x = 0}, then f,,, : R + M, defined by 
fm(x) = mx is a R-homomorphism with ker P and accordingly we have the 
R-module isomorphism R/P z n/r, . This implies that P is a maximal right 
ideal. Also, being the right annihilator of MO, it is a two-sided ideal in R and 
therefore R/P is a division ring. 
We will now show that P is a nilpotent ideal in R. Thus, if x E P, consider 
x2 = {p E M : px = 01. Then (x)” C (x2)” C ... is a chain of A-submodules 
of M and, consequently, for some integer k, (x”)” = (x~+I)~ = ... . Also, since 
M, C xz C (x”)~, this implies in particular that (x”)” # 0. If a E (x”)” n Mx”, 
then ax’; = 0 and a = px” for somep E M. This implies that 0 = axL = pxzL, 
i.e., p E (x2”)” = (x”)” and hence a = px” = 0. Thus (x”)” n Mxk = 0, and 
by (ii) we have Mx” = 0. Since MR is faithful, we then have xk = 0 and 
thus P is a nil ideal. Also R has a.c.c. on right ideals which implies that P is 
nilpotent. Now, as in the proof of (ii) => (i) in Theorem 2.1, the composition 
series for RIP, P/P”, P2/P3 ,... as right vector spaces over R/P give rise to a 
composition series for R, and hence R satisfies d.c.c. on right ideals. Also, by 
applying 54.8 of [2, p. 3711 and observing that in a RSI ring there are no 
nontrivial indempotents, we conclude that R is local. Since M is a finitely 
generated R-module and R has d.c.c. on right ideals, by [2, Example 18, p. 591, 
M has d.c.c. on R-submodules. This completes the proof. 
We note that if we drop the assumption MR is faithful, then the conclusion 
can be modified to R/I being local with d.c.c. on right ideals where 
I=(xER:Mx=O}. 
4.2. COROLLARY. Let AMR be a bimodule such that 
(i) M has a.c.c. on A-submodules and on R-submodules; 
(ii) R is right noetherian and A is left noetherian; 
(iii) M is A-subdirectly irreducible and R-subdirectly irreducible, 
then A/P and R/I are local rings with d.c.c. on left and right ideals, respectively, 
and MR is completely indecomposable where P = (a E A : aM = O> and 
I={rER:Mr =O}. 
Proof. We can apply Theorem 4.1 to M as a left A/P module and as a right 
R/I module because M is a faithful module over each of these rings and in 
addition A/P and R/I have a.c.c. on left and right ideals, respectively. 
Another important consequence of 4.1 can be obtained by considering the 
case where M = A = R. 
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4.3. COROLLARY. If R is a RSI ring with a.c.c. on left and right ideals, 
then R is a local ring with d.c.c. on left and right ideals. 
It may be noted that whereas Example 2.2 above shows the existence of 
RSI rings with a.c.c. but not the d.c.c. on right ideals, by the above corollary 
RSI rings with a.c.c. on both sides have d.c.c. on both sides too. 
A ring R is completely indecomposable if R, is a completely indecom- 
posable module; or equivalently, R is a left and right uniform ring with d.c.c. 
on left and right ideals. As an application of 4.3 above, we can characterise 
completely indecomposable rings by 
4.4. PROPOSITION. A ring A is completely indecomposable z@ R is a right and 
left subdirectly irreducible ring with a.c.c. on left and right ideals. 
Morita’s Theorem [lo, p. 1221 applied to the case of the bimodule RRR says 
that a ring R is completely indecomposable iff it is a quasi-Frobenius local 
ring. Thus by Proposition 4.4 above, a ring R is a quasi-Frobenius local ring 
iff it is a right and left subdirectly irreducible ring with a.c.c. on right and left 
ideals. To complete the picture, we give below an example of a RSI ring 
with d.c.c. on left and right ideals which is not completely indecomposable. 
This will show that the hypothesis of left subdirect irreducibility in 
Proposition 4.4 is necessary. Also the same example1 answers a question raised 
by P. M. Cohn in [3, p. 751. Cohn poses the question whether in a noetherian 
ring R, the conditions 
1. R, is self injective and 
2. every right ideal is an annihilator are equivalent. 
We will show that the ring R of Example 4.5 satisfies condition 2. It cannot 
satisfy Condition 1 because then R, being quasi-Frobenius and local, will be 
completely indecomposable. 
4.5. EXAMPLE. Let F denote the field of all rational functions in an 
indeterminate x with coefficients in the field of rational numbers. Let cr denote 
the isomorphism of F into F given by oIf(x)] = f(9) for any elementf(x) E F. 
Define R = ((a, b) : a, b E F} in which equality and addition of elements is 
componentwise and multiplication obeys the law (a, b)(c, d) = (ac, bc + a(a)d). 
R is then a RSI ring because H = ((0, b) : b EF} is the only right ideal of R 
other than 0 and R. Obviously R satisfies d.c.c. on right ideals. By a routine 
computation it can be verified that R 3 H 3 L, 3 0 where& = ((0, u(a)): a E F} 
is a composition series for RR and hence R also satisfies d.c.c. on left ideals. 
1 The referee has kindly informed the author that a similar construction has been 
used by J. E. Bjark to give a counter-example to Cohn’s question (unpublished). 
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If L, = ((0, u(a)%) : a EF} then L, is a left ideal of R such that L, n L, = 0. 
This implies that R cannot be left subdirectly irreducible and, consequently, 
it is not completely indecomposable. 
Obviously, 0 and R are annihilator right ideals. Also HL = H' = H as can 
be verified directly or deduced from Theorem 2.1 and the definition of N in 
an RSI ring. Thus H Ir = Hand R is a ring satisfying Condition 2 above but 
not Condition 1. 
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